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Abstract. This paper presents an analytical construction of a centrifugal
compressor impeller blade camber line from a smooth Bernoulli lemniscate segment
with centrally symmetric endpoints. The implicit curve equation yields an explicit
expression for the ordinate that accounts for its sign on either side of the node.
Formulas are derived for rotation to the specified inlet angle and uniform scaling
using the intersection of the chord with the outlet circle. Expressions are obtained
for the arc length, curvature and geometric outlet angle. The paper also specifies
conditions under which the segment can be used for a radially extending blade and
establishes the limits of aerodynamic interpretation of the geometry.
Keywords. Centrifugal compressor, impeller, blade camber line, Bernoulli
lemniscate, curvature, blade design.

1 Introduction

In plan view, the camber line sets the blade direction between the leading and
trailing edges. Together with the thickness distribution, flow-path width and
arrangement of neighbouring blades, it determines the geometry of the blade
passage. With fixed inlet and outlet diameters and the same edge angles, different
camber lines can produce different tangent directions and flow areas inside the
impeller. These differences influence where the flow turns, accelerates or
decelerates along the passage and how the load is distributed over the blade
surfaces.
In geometric blade design, the camber line can be specified as a circular arc, which
has constant curvature. In aerodynamic design, the blade shape can be determined
from a prescribed distribution of relative velocity over its surfaces [1, 2]. The
geometric formulation considered here defines an analytical family of lines for which
the tangent direction and curvature can be calculated along the entire segment
between the edges. The initial geometry can therefore be assessed before the flow
field is calculated.
The selected lemniscate segment passes through the node along one smooth branch.
At the midpoint, the curvature reaches zero and changes sign. On either side of the
inflection point, its magnitude increases with distance from the node. The tangent
therefore turns along two joined segments with no discontinuity in direction or
curvature. Central symmetry relates the end tangents. Once the curve is placed in
the impeller, this relation must be consistent with the required edge positions and
outlet angle.
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1.1 Gas-dynamic basis for the choice of curve

When a relative streamline in the two-dimensional model is close to the blade
camber line, the streamline’s geometric curvature enters the normal component of
acceleration. For relative speed W and signed streamline curvature κs,

an = W 2κs. (1)

The curvature distribution of the camber line gives a geometric indication of how
this acceleration varies. At the same W , a smaller magnitude of streamline
curvature corresponds to a smaller normal acceleration magnitude. For steady flow
in a frame rotating at constant angular velocity ω, the normal projection of the
momentum equation is

ρgW
2κs = −∂p

∂n
− ρg

[
2ω ×W + ω × (ω × r)

]
· n+ (∇ · τ ) · n. (2)

Here p is pressure, ρg is gas density, τ is the viscous stress tensor, r is the position
vector relative to the rotation axis and n is the left-hand unit normal to the planar
streamline. The geometric contribution W 2κs is considered together with the Coriolis
and centrifugal forces. The curvature of the camber line alone does not determine
the pressure distribution, boundary-layer development or the location of separation.
The analogy with a particle moving along a prescribed arc can be formulated for
ideal frictionless motion in a potential field Φ. Let v1 be the particle’s initial speed
and s the distance along the path. The travel time along the arc is

T =

∫ L

0

ds√
v21 + 2

[
Φ(0)− Φ(s)

] . (3)

Equal travel times along the arc and chord would require the corresponding
integrals to agree for the prescribed initial conditions and field. In an impeller,
pressure and viscous stresses also affect the gas flow. The engineering case for
selecting the lemniscate therefore rests on its calculable curvature distribution and
on the ability to fit it to the impeller geometry. Reduced losses and higher efficiency
remain hypotheses to be tested by gas-dynamic analysis.

2 Initial lemniscate branch

Let D1 and D2 be the diameters of the circles that locate the beginning and end of
the camber line in the impeller plan view. In the local system O′xy, the lemniscate
foci have coordinates (−C, 0) and (C, 0), where C is the distance from the node to
either focus. The parameter C and the half-span a of the selected segment along the
x axis are defined by

C = D2 −D1, D2 > D1 > 0, (4)

a =
D2 −D1

2
√
2

. (5)

Writing A =
√
2C, the classical equation of the lemniscate is (x2 + y2)2 = A2(x2 − y2)

[3]. In the notation used here, it follows directly from the condition that the product
of the distances to the foci is constant√

(x− C)2 + y2
√
(x+ C)2 + y2 = C2, (6)

(x2 + y2 + C2)2 − 4C2x2 = C4, (7)
(x2 + y2)2 = 2C2(x2 − y2). (8)
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Define S(x) =
√
C4 + 4C2x2. Solving for y2 gives

y2 = S(x)− x2 − C2, (9)
f(x) = sgn(x)

√
S(x)− x2 − C2, (10)

−a ≤ x ≤ a, f(0) = 0. (11)

In Figure 1, the branch passes from the third quadrant into the first. The signs of x
and f(x) therefore coincide. The sign of the ordinate matters. Using the same
square-root sign on both sides of the node would join segments with different
tangents.
The rationalized form is convenient for calculations near the node and shows that
the branch extends analytically through it

S(x)− x2 − C2 =
x2(2C2 − x2)

S(x) + x2 + C2
, (12)

f(x) = x

√
2C2 − x2

S(x) + x2 + C2
. (13)

The function f is odd. In the last formula, the expression under the square root is
positive over the entire selected interval. The segment endpoints, chord and chord
length are obtained in sequence

q(x) =
(
x, f(x)

)T
, (14)

q1 =
(
−a,−f(a)

)T
, (15)

q2 =
(
a, f(a)

)T
, (16)

q2 − q1 = 2
(
a, f(a)

)T
, (17)

l1 = ∥q2 − q1∥ = 2
√

a2 + f(a)2. (18)

(a) Smooth branch in local coordinates (b) Rotation and alignment with the circles

Figure 1: Construction of the camber line. In the calculation below, l1 and l2 denote the
initial and final chord lengths, respectively.
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3 Tangent and curvature of the initial segment

For x ̸= 0, differentiate the identity f2 = S − x2 − C2

S′(x) =
4C2x

S(x)
, (19)

2f(x)f ′(x) =
4C2x

S(x)
− 2x, (20)

f ′(x) =
x

f(x)

(
2C2

S(x)
− 1

)
. (21)

The tangent remains continuous at the node. Expanding the rationalized form gives

f(x) = x− x3

C2
+O

(
x5

C4

)
, x → 0, (22)

f ′(0) = 1, (23)
f ′′(0) = 0. (24)

The derivative f ′ is even, so f ′(−a) = f ′(a). In local coordinates, the angle α1

describes the inlet tangent direction. Its slope is the limit of the secant slopes

f ′(−a) = lim
h→0+

f(−a+ h)− f(−a)

h
, (25)

α1 = arctan
(
f ′(−a)

)
. (26)

The signed curvature κ0 is defined for traversal in the direction of increasing x. For
x ̸= 0, the second derivative and curvature are

f ′′(x) =

2C2

S(x)
− 1− 8C4x2

S(x)3
−
(
f ′(x)

)2
f(x)

, (27)

κ0(x) =
f ′′(x)[

1 +
(
f ′(x)

)2]3/2 . (28)

Let ρ = ∥q(x)∥ be the distance to the node and φ the local polar angle. On the positive
half of the branch, ρ2 = A2 cos(2φ). Differentiating with respect to φ gives

dρ
dφ = −ρ tan(2φ), (29)

d2
ρ

dφ2
= ρ tan2

(2φ)− 2ρ

cos2(2φ)
, (30)

ρ2 + 2(dρ/dφ)2 − ρd2
ρ/dφ2[

ρ2 + (dρ/dφ)2
]3/2 =

3ρ

A2
. (31)

The last expression gives the curvature for increasing φ. On x > 0, the ratio f(x)/x
decreases because the numerator under the square root in its rationalized form
decreases while the denominator increases. Thus φ decreases as x increases. Using
the odd symmetry of f ′′ and the even symmetry of f ′, the resulting law over the
entire segment is

κ0(x) = −
3 sgn(x)

√
x2 + f(x)2

2C2
, κ0(0) = 0. (32)

In particular, ρ2 = S(x)− C2 increases with |x|. The curvature magnitude reaches its
maximum at the ends of the chosen branch, and the inflection point is at the node.
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4 Fitting the curve to the impeller

4.1 Aligning the inlet point and tangent

The origin of the global system OXY is located on the impeller axis. The X axis
extends radially toward the inlet point P1. Positive rotation is counterclockwise. The
geometric inlet angle β1 is measured from the tangent opposite to rotation toward
the outward radial direction. The radii and specified unit inlet tangent are

r1 =
D1

2
, (33)

r2 =
D2

2
, (34)

P1 = (r1, 0)
T, (35)

t1 = (sinβ1,−cosβ1)T. (36)

The initial angle β′
1 is measured from the same reference direction after translating

the start of the segment to P1. The rotation angle γ is the difference between the two
angles

β′
1 =

π

2
+ α1, (37)

γ = β1 − β′
1, (38)

R(γ) =

(
cos γ − sin γ
sin γ cos γ

)
. (39)

The entire segment is translated and rotated. In particular, the rotated chord is
obtained from the difference between its original endpoints

U(x) = P1 +R(γ)
[
q(x)− q1

]
, (40)

d = R(γ)
(
q2 − q1

)
, (41)

∥d∥ = l1. (42)

4.2 Intersecting the ray with the outlet circle

A ray is drawn from P1 in the direction of the rotated chord. Its intersection with the
circle of radius r2 is determined by the positive parameter λ satisfying

P2 = P1 + λd, (43)
∥P1 + λd∥2 = r22, (44)

l21λ
2 + 2(P1 · d)λ+ r21 − r22 = 0. (45)

Since r2 > r1, the quadratic has exactly one positive root. It gives the intersection in
the direction from inlet to outlet. Setting B = P1 · d yields

λ =
−B +

√
B2 + l21(r

2
2 − r21)

l21
, (46)

l2 = ∥P2 − P1∥ = λl1, (47)

km =
l2
l1

= λ. (48)
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For a line written as Y = kX + b with dX ̸= 0, the intersection equation takes the
scalar form

k =
dY
dX

, (49)

b = Y1 − kX1, (50)
j1 = 1 + k2, (51)
j2 = 2kb, (52)
j3 = b2 − r22, (53)
j4 = j22 − 4j1j3, (54)

X2 =
−j2 ±

√
j4

2j1
, (55)

Y2 = kX2 + b. (56)

Of the two intersections of the line and circle, choose the one satisfying
(P2 − P1) · d > 0. The vector form also applies to a vertical chord.

4.3 Final camber-line equation

Uniform scaling is carried out about the inlet point P1. Main equation for the
blade camber line

P (x) = P1 + kmR(γ)
[
q(x)− q1

]
, −a ≤ x ≤ a. (57)

In the impeller coordinate system,

X(x) = r1 + km
[
(x+ a)cos γ − (f(x) + f(a)) sin γ

]
, (58)

Y (x) = km
[
(x+ a) sin γ + (f(x) + f(a)) cos γ

]
. (59)

The parametric form preserves the correspondence between points before and after
the transformation. Uniform scaling of the local formula itself uses the identity

x̃ = kmx, (60)
C̃ = kmC, (61)

ỹ(x̃) = sgn(x̃)
√√

C̃4 + 4C̃2x̃2 − x̃2 − C̃2. (62)

The local interval becomes [−kma, kma]. Rotation aligns the inlet tangent with t1, and
scaling preserves the aligned direction. By construction, P (−a) = P1, P (a) = P2 and
∥P2∥ = r2.

5 Checking the geometry and outlet angle

The transformed unit tangent to the impeller blade camber line, arc length and
curvature are

t(x) =
R(γ)(1, f ′(x))T√

1 +
(
f ′(x)

)2 , (63)

s(x) = km

∫ x

−a

√
1 +

(
f ′(u)

)2 du, (64)
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L = km

∫ a

−a

√
1 +

(
f ′(u)

)2 du, (65)

κ(x) =
κ0(x)

km
, (66)

max
x∈[−a,a]

|κ(x)| =
3
√
a2 + f(a)2

2kmC2
. (67)

A positive scale factor preserves tangent directions and changes the arc length and
curvature magnitude. In global coordinates, the inflection point is at the chord
midpoint

P (0) =
P1 + P2

2
. (68)

To check the radial progression, calculate the distance to the axis and its derivative

r(x) =
√
X(x)2 + Y (x)2, (69)

dr
dx =

P (x) · P ′(x)

r(x)
. (70)

For r > 0, a sufficient condition for the curve to be single-valued as a function of
radius over the full interval is dr/dx > 0. This condition needs to be checked in
addition to placing the endpoints on their circles. When dr/dx > 0, the radial and
circumferential projections of the tangent at the local geometric angle β(x) give

dr
ds = sinβ, (71)

r
dθ
ds = −cosβ, (72)

dθ
dr = −cotβ

r
. (73)

The circumferential position of the camber line therefore depends on the angle
distribution along its full length.
Define radial and circumferential unit vectors at the outlet. The circumferential
direction is the positive direction of rotation

er,2 =
1

r2
(X2, Y2)

T, (74)

eθ,2 =
1

r2
(−Y2, X2)

T. (75)

The geometric outlet angle is determined from the projections of the tangent t(a)

sinβ2 = t(a) · er,2, (76)
cosβ2 = −t(a) · eθ,2. (77)

The signs of the two projections determine the quadrant of the angle. The end
tangents of the initial branch point in the same direction, so t(a) = t(−a). If θ2 is the
signed polar angle of P2 relative to the X axis, then

β2 ≡ β1 − θ2 (mod 2π). (78)

Given D1, D2 and β1, the outlet angle of the symmetric segment follows from the
construction. Both angles and both edge positions can be specified independently
only if they satisfy this relation. When comparing shapes with fixed endpoints and
angles, this condition is checked before comparing curvatures.
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6 Camber line and blade passage

Figure 2 illustrates how different camber lines change the shape of a blade passage.
The NPF HKS line (Khimmash-Kompressor Service research and production
company) is constructed from a lemniscate. The LPI line follows the Leningrad
Polytechnic Institute design method, and R = const denotes a circular arc. The
diagram shows the geometric differences and provides a basis for comparative
calculations.

Blade camber lines and
blade passage shapes

NPF HKS blade
camber line

LPI blade
camber line

Constant-radius
blade camber line

NPF HKS
blade passage

Constant-radius
blade passage

LPI
blade passage

Figure 2: Camber lines and blade passages for NPF HKS, LPI and the case with a constant
radius of curvature.

In the two-dimensional model, the blade sides are formed by applying the
half-thickness distribution h(s) to the camber line. Let n(s) be the left-hand unit
normal and t(s) the unit tangent. The two side curves are defined by

P±(s) = P (s)± h(s)n(s), (79)
dP±
ds =

[
1∓ h(s)κ(s)

]
t(s)± dh

dsn(s). (80)

The condition h(s)|κ(s)| < 1 is sufficient for local regularity of both curves. Flow areas
also depend on the impeller’s meridional width, thickness distribution and
circumferential pitch. For a specified blade count z, adjacent camber lines are
obtained by rotating about the impeller axis through the angular pitch

∆θ =
2π

z
. (81)

The geometric model is checked for flow areas, intersections between the sides of
adjacent blades and agreement between the blade edges and meridional contours.
To isolate the effect of curvature distribution in a comparative calculation, the edge
positions, inlet and outlet angles, thickness distribution, meridional geometry,
rotational speed, flow rate and inlet gas state are held fixed. Under these conditions,
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changes in the velocity field, losses and efficiency can be attributed to the
camber-line shape within the accuracy of the calculation.

7 Conclusions

A symmetric segment of the Bernoulli lemniscate gives an analytically defined
camber line with continuous tangent and curvature. Segments of opposite curvature
meet at the inflection point. The curvature magnitude along each segment is
determined by the distance to the node of the original curve and the scale factor.
The proposed construction aligns the inlet tangent with the specified geometric
angle and places the outlet point on the outer circle. The positive scale factor is
uniquely determined by the intersection of the rotated chord ray with that circle.
The outlet angle follows from the relative positions of the endpoints and the fact that
their tangents point in the same direction.
The gas-dynamic merits of this geometry can be assessed by examining the flow and
losses in comparable passages. The expressions given here provide a reproducible
starting geometry for that assessment.

8 Numerical example for the NPF HKS impeller

The diameters D1 and D2 specify the positions of the leading and trailing edges of
the NPF HKS impeller blade. The calculation uses no intermediate rounding.

8.1 Initial lemniscate segment

D1 = 296 mm,

D2 = 560 mm,

β1 = 39.069◦,

r1 =
296

2
= 148 mm,

r2 =
560

2
= 280 mm,

C = 560− 296 = 264 mm,

a =
264

2
√
2
≈ 93.338095 mm,

f(a) =

√√
2644 + 4 · 2642a2 − a2 − 2642 ≈ 83.377566 mm,

q1 ≈ (−93.338095; −83.377566)T mm,

q2 ≈ (93.338095; 83.377566)T mm,

l1 = 2
√

a2 + f(a)2 ≈ 250.310356 mm.

9



L. Artilakva Blade camber line

8.2 Rotation and alignment with the outlet circle

f ′(−a) = f ′(a) =
a

f(a)

(
2 · 2642√

2644 + 4 · 2642a2
− 1

)
≈ 0.70861238,

α1 = arctan f ′(−a) ≈ 35.321859◦,

γ = 39.069◦ − 90◦ − α1 ≈ −86.252859◦,

P1 = (148; 0)T mm,

d = R(γ)(q2 − q1) ≈ (178.598554; −175.379106)T mm,

B = P1 · d ≈ 26 432.586003 mm2,

km =
−B +

√
B2 + l21(280

2 − 1482)

l21
≈ 0.617199818,

l2 = kml1 ≈ 154.491506 mm,

P2 = P1 + kmd ≈ (258.230995; −108.243952)T mm,

∥P2∥ =
√
X2

2 + Y 2
2 = 280 mm.

8.3 Arc length and outlet angle

The camber-line length is calculated by integrating along the original branch and
applying the scale factor.

L = km

∫ a

−a

√
1 + [f ′(x)]2 dx ≈ 154.687625 mm,

L− l2 ≈ 0.196119 mm,

θ2 = arctan
(
Y2
X2

)
≈ −22.742208◦ (X2 > 0),

β2 = β1 − θ2 ≈ 61.811208◦.

The tabulated geometric outlet angle for the NPF HKS impeller is β2,tab = 61.829◦.
The absolute difference is

|β2 − β2,tab| ≈ 0.018◦.

8.4 Polar parameterization and reference points

The pole O is on the impeller axis. The ray θ = 0 passes through the leading edge P1.
The polar angle θ is positive counterclockwise. In this example it is negative beyond
the leading edge. The angle θ gives the position of a point, while β gives the tangent
inclination relative to the local circumferential direction.
Direct calculation of coordinates. Introduce a dimensionless parameter u on the
selected smooth branch. For x ̸= 0, set y/x equal to (1− u2)/(1 + u2) with the sign of u
matching the sign of x. Substitution in the original lemniscate equation and
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continuation through the node give

A =
√
2C, D(u) = 1 + u4,

v(u) = (u+ u3, u− u3)T,

q(u) =
A

D(u)
v(u),

u∗ =

√
a− f(a)

a+ f(a)
, −u∗ ≤ u ≤ u∗.

Here u = −u∗ corresponds to the inlet, u = 0 to the inflection point and u = u∗ to the
outlet. In the global system, the centre of symmetry M and the numerator N(u) of
the position vector are

M =
P1 + P2

2
,

N(u) = D(u)M + kmAR(γ)v(u),

P (u) =
N(u)

D(u)
.

The polar coordinates therefore follow directly from the parameter

r(u) =

√
NX(u)2 +NY (u)2

D(u)
,

θ(u) = arctan
(
NY (u)

NX(u)

)
for NX(u) > 0.

In general, the signs of both coordinates determine the quadrant. This form allows
the entire curve to be plotted by direct substitution of values of u. If the input is the
angle θ, the radius r(θ) is obtained algebraically from the intersection of a ray and
the selected branch. Substitute the following expression in the original equation

q =
R(γ)T(r(cos θ, sin θ)T −M

)
km

.

From the roots of the resulting quartic equation in r, select the intersection with the
required branch between P1 and P2.
Uniform radial spacing. The table retains 11 reference points, including both
blade edges. The radial conditions and coefficient definitions are

∆r =
280− 148

11− 1
= 13.2 mm,

ri = 148 + (i− 1)∆r, i = 1, . . . , 11,

b = (bx, by)
T = R(γ)TM ,

Ei = ∥M∥2 − r2i .

Since ∥q(u)∥2 = 2A2u2/D(u), expanding ∥P (ui)∥2 = r2i gives

Ei(1 + u4i ) + 2kmA
[
(bx + by)ui + (bx − by)u

3
i

]
+ 2k2mA2u2i = 0.

For intermediate radii, select the real root on [−u∗, u∗]. The radius increases along
this segment, so each ri has a unique root. The values in the table are obtained from
the roots of the polynomial and the formula for θ(ui).
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Radius r, mm · Polar angle θ, °
P1   148 mm, 0°       P2   280 mm, −22.742°

Figure 3: The lemniscate (red) and chord (blue) in polar coordinates. Thin lines join the
black reference points to the pole O.

Table 1: Polar coordinates of the 11 reference points

No. r, mm θ, degrees

1 148.000 0.000
2 161.200 −5.097
3 174.400 −8.672
4 187.600 −11.393
5 200.800 −13.581
6 214.000 −15.423
7 227.200 −17.041
8 240.400 −18.522
9 253.600 −19.931

10 266.800 −21.323
11 280.000 −22.742
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8.5 Signed curvature distribution

For traversal from inlet to outlet, the curvature as a function of radius is given
parametrically by

r = r(u),

κ(u) = − 3Au√
2 kmC2

√
1 + u4

.

The second formula follows from κ0 = −3 sgn(u)∥q(u)∥/(2C2) and the scaling of the
curve. The curvature is zero at the inflection point M . For this impeller, the
calculation gives

κ(P1) = −κ(P2) ≈ 4.364 · 10−3 mm−1,

∥M∥ ≈ 210.203 mm.

The circular arc passes through P1 and P2 with the same inlet tangent. With
left-hand unit normal n1 at the inlet and chord c = P2 − P1, equating the distances to
the centre of the circle gives

κarc =
2n1 · c
∥c∥2

≈ +1.455 · 10−3 mm−1.

148 170 190 210 230 250 280
Radius r, mm

−4

−2

0

2

4

Cu
rv

at
ur

e 
κ,

 1
0−3

 m
m

−1

Inflection point
210.203 mm

Bernoulli lemniscate
Circular arc

Figure 4: Signed curvature of the NPF HKS camber line and the circular arc with the same
blade edges and inlet tangent.

The lemniscate’s signed curvature decreases and changes sign. Its magnitude is
smaller than that of the circular arc near the inflection point and larger at the edges.
The outlet tangents differ. Comparing losses and efficiency requires a flow
calculation under matched conditions.

References

[1] Jansen W., Kirschner A. M. Impeller Blade Design Method for Centrifugal
Compressors. In: Fluid Mechanics, Acoustics, and Design of Turbomachinery, Pt.
2. 1974. NASA NTRS 19750003125.

[2] Aungier R. H. Centrifugal Compressors. A Strategy for Aerodynamic Design and
Analysis. ASME Press, 2000.

[3] Lemniscate. Encyclopædia Britannica. 11th ed., 1911.

13

https://ntrs.nasa.gov/citations/19750003125

	Introduction
	Gas-dynamic basis for the choice of curve

	Initial lemniscate branch
	Tangent and curvature of the initial segment
	Fitting the curve to the impeller
	Aligning the inlet point and tangent
	Intersecting the ray with the outlet circle
	Final camber-line equation

	Checking the geometry and outlet angle
	Camber line and blade passage
	Conclusions
	Numerical example for the NPF HKS impeller
	Initial lemniscate segment
	Rotation and alignment with the outlet circle
	Arc length and outlet angle
	Polar parameterization and reference points
	Signed curvature distribution


